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Abstract. In this paper we study Littlewood-Paley-Stein functions associated with the Pois- 
son semigroup for the Hermite operator on functions with values in a UMD Banach space 
B. If we denote by H the Hilbert space L^((0, oo), dt/i), 7(i?,B) represents the space of 7- 
radoniiying operators from H into B. We prove that the Hermite square function defines bounded 
operators from BMO^ (IR",B) (respectively, H^{R",M)) into BMOc(S." ,'r{H,«)) (respectively, 
i?^(R",7(H,B))), where BMOc and denote BMO and Hardy spaces in the Hermite setting. 
Also, we obtain equivalent norms in BMO^ (R",B) and Hj^{M",M) by using Littlewood-Paley- 
Stein functions. As a consequence of our results, we establish new characterizations of the UMD 
Banach spaces. 

1. Introduction 

The Littlewood-Paley-Stein g-function associated with the classical Poisson semigroup {Pt}f>o 
is given by 



dt 



1/2 



5(m}t>o)(/)(x) - ^ \tdtPtf{x)\'jj , xeW\ 

It is well-known that this ^-function defines an equivalent norm in LP(M"). 1 < p < 00. Indeed, for 
every 1 < p < 00 there exists Cp > such that 

(1) 7^II/IIlp(R") < ||3(m}t>o)(/)liLp(K") < Cp||/|Up(M,.), / e LPiR"). 

Equivalence ([l]) is useful, for instance, to study L^-boundedness properties of certain type of spec- 
tral multipliers. 

In |3T] g-functions associated with diffusion semigroups {Tt}t>o on the measure space (fi, /i) were 
considered. In this general case ([TJ takes the following form, for every 1 < p < 00, 

^\\f - Eo{f)\\LHn,,) < li5(m}t>o)(/)||LP(o,M) < Cpll/IUno.M). feLP{n,fi), 

Op 

where Cp > 0. Here Eq is the projection onto the fixed point space of {T't}t>o- 

Suppose that B is a Banach space. For every 1 < p < 00, we denote by _L?'(M",B) the p-Bochner- 
Lebesgue space. The natural way of extending the definition of g{{Pt}t>o) to L''(R",B), 1 < p < 00, 
is the following 

/ roa ,,\ 1/2 

9Mi{Pt}t>o){f){x) = / \\tdtPtf{x)\\l- , / e LP(M",B), 1< p < 00. 







t ^ 

Kwapieh in [25l proved that B is isomorphic to a Hilbert space if only if 

(2) ||/||lp(R",b) ^ ||5B(m}t>o)(/)||Lp(R"), /e£^(M", 

for some (or equivalently, for any) 1 < p < 00. 
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Xu IH] considered generalized g-functions defined by 



9MA{Pt}t>o)if){x) = i^J^ \\tdtPt{f)ix)\\ljj , /eLP(]R",B), l<p<oo, 

where 1 < q < oo. He characterized those Banach spaces B for which one of the foUowing inequalities 
holds 

• ll3B,g(m}t>o)(/)llLp(R") < C^II/IIlp(R",b), /eiP(M",B), l<p<oo, 

• II/IIl.(K'M) < C||5i,,(mh>o)(/)||Lp(K"), / e LP{W\M), 1< p < oo. 

The validity of these inequalities is characterized by the martingale type or cotype of the Banach 
space B. 

Xu's results were extended to diffusion semigroups by Martinez, Torrea and Xu |27| . 

In order to get new equivalent norms in LP(M",B) for a wider class of Banach spaces, Hytonen 
pOj and Kaiser and Weis ([23] and [24]) have introduced new definitions of ^-functions for Banach 
valued functions. 

In this paper we are motivated by the ideas developed by Kaiser and Weis ([53^ and [M]). They 
defined g-functions for Banach valued functions by using 7-radonifying operators. 

The main definitions and properties about 7-radonifying operators can be found in [40] . We now 
recall those aspects of the theory of 7-radonifying operators that will be useful in the sequel. We 
consider the Hilbert space H — L^{{0, 00), dt/t). Suppose that (efc)^]^ is an orthonormal basis in H 
and {"fk)'kLi is a sequence of independent standard Gaussian random variables on a probability space 
(i7,P). A bounded operator T from H into B is a 7— radonifying operator, shortly T S j{H,M), 
when Y^'^=i IkTck converges in L'^(51,B). We define the norm by 



\\T\Uh,m) = I E 



'^IkTei 



fc=i 



1/2 



This definition does not depend on the orthonormal basis (efc)^j^ of H. 7(ii', B) is a Banach space 
which is continuously contained in the space L{H,M) of bounded operators from H into B. 

If / : (0,00) — !• B is a measurable function such that for every 5 G B*, the dual space of B, 
So f e H, there exists Tf £ L{H, B) for which 

f°° dt 
{S,Tf{h))M.,s^ {SJ{t))M*,Mh{t)-, heH&ndSeM*, 
Jo ^ 

where (•, •)b'.b denotes the duality pairing in (B*,B). When Tf e 7(i?, B) we say that / G 7(i/, B) 
and we write ||/||^(//,b) to refer us to \\Tf\\^(H,v,)- 

The Hilbert transform of / e LP(M), 1 < p < cx), is defined by 

n{f){x) - lim / a.e. a; € M. 

TT £^o+7|^_,y|>^ x-y 

The Hilbert transform % is defined on LP(M) ®B, l<p<oo, ina natural way. We say that B is 
a UMD Banach space when for some (equivalent, for every) 1 < p < 00 the Hilbert transformation 
can be extended from LP(]R,B) as a bounded operator from LP(M,B) into itself. There exist many 
other characterizations of the UMD Banach spaces (see, for instance, [1], [9], [10], [17], [18], [22] 
and [H]). Every Hilbert space is a UMD space and 7(i?,B) is UMD provided that B is UMD. 

UMD Banach spaces are a suitable setting to establish Banach valued Fourier multiplier theorems 
([TS and [2(T). Convolution operators are closely connected with Fourier multipliers. Suppose that 
-i/' e L^(M"). We consider ij^tix) = -p^ip{x/t), x G M" and t > 0. The wavelet transform associated 
with tp is defined by 

W^{f){x,t) = (/ * ^Pt){x), x e K" and < > 0, 
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where / € iS(M",B), the B- valued Schwartz space. 

In |24L Theorem 4.2] Kaiser and Weis gave sufficient conditions for in order to 

(3) ||W^i/'/lls(R",7(_ff,B)) ||/||£;(R",B), 

for every / G £'(M",B), where B is a UMD Banach space and E represents L^, 1 < p < oo, 
or BMO. Here, as usual, and BMO denote the Hardy spaces and the space of bounded mean 
oscillation functions, respectively. 

If P{x) = r((n + l)/2)/7r("+i)/2(l + |a;|2)-("+i)/2, x G M", then Pt{x) = pr-P(f ), x G M" and 
t > 0, is the classical Poisson kernel. By taking '4}{x) — dtPt{x)\t=i, x S M", we have that 

W^{f){x, t) = tdtPt{I){x), X e M" and t > 0. 

Moreover, 7(-ff,C) = H and 7(i?,H) = L2((0, oo), dt/i; H), provided that H is a Hilbert space (Ml 
p. 3]. Then, when E — U' , 1 <p<oo, ([s]) can be seen as a Banach valued extension of ([T|) and 

Also, in fM', Remark 4.6] UMD Banach spaces are characterized by using wavelet transforms. 

Harmonic analysis associated with the harmonic oscillator (also called Hermite) operator L = 
—A + jxp on E" has been developed in last years by several authors (see |T], [S], [33], [3S], [3B], [35] 
and [3S], amongst others). Littlewood-Paley g- functions in the Hermite setting were analyzed in 
|35] for scalar functions and in |3] for Banach valued functions. Motivated by the ideas developed 
by Kaiser and Weis [SP, the authors in [?, Theorem 1] established new equivalent norms for the 
Bochner-Lebesgue space L^'(]R",B) by using Littlewood-Paley functions associated with Poisson 
semigroups for the Hermite operator and 7— radonifying operators, provided that B is a UMD 
space. Our objectives in this paper are the following ones: 

(a) To obtain equivalent norms for the B- valued Hardy space i/^(M",B) and BMOc{K^,V) 
associated to the Hermite operator, when B is a UMD Banach space, and 

{b) To characterize the UMD Banach spaces in terms of iJi(M",B) and BAfO£(M",B), by 
using Littlewood-Paley functions for the Poisson semigroup in the Hermite context and 
7— radonifying operators. 

We recall some definitions and properties about the Hermite setting. For every fc € N the k- 
th Hermite function is hk{x) = {^/7r2''k\)^^/^Hk{x)e~^ Z^, a; S M, where Hk represents the A:-th 
Hermite polynomial |26l p. 60]. If A; = (/ci,...,fc„) G N" the fc-th multidimensional Hermite 
function hk is defined by 

n 

hk{x) = Y\_ ^k,{xj), X = (xi, . . . ,a;„) e E", 
j=i 

and we have that 

Lhk = (2\k\+n)hk, 

where \k\ = fci + ... + kn- The system {/ife}fceN" is a complete orthonormal system for ^^(E"). We 
define, the operator C as follows 

^ (2|fc|+n)(/,/ife)'^fe, f^D{C), 

keN" 

where the domain D(£) is constituted by all those / G ^^(E"') such that ^j,gpj„ (2|fc|-|-n)2|(/, /i/j) P < 
00. Here (•, •) denotes the usual inner product in ^^(E"). It is clear that if e C^(E"), the space 
of smooth functions with compact support in E" , then L(p = C<j>. 

For every t > we consider the operator Wf defined by 

The family {W^/'joo is a semigroup of operators generated by — £ in ^^(E") which is usually called 
the heat semigroup associated to L. By taking into account the Mehler's formula [38, (1.1.36)] we 
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can write, for every / E ^^(M"), 

Wf{f){x)^ f Wf{x,y)f{y)dy, a; e M" and t > 0, 
where, for every x,y G ]R" and t > 0, 

The Poisson semigroup {Pf}tyo associated to £, that is, the semigroup of operators generated by 
— a/Z, can be written by using the subordination formula by 

(4) pc^f)^ s-3/2e-*'/4^W^f(/)ds, / e L2(M«) and i > 0. 

V47r Jo 

The families {Wf}t>o and {Pf}tyo are also Cq— semigroups in _L?'(]R"), for every 1 < p < oo (see 
|31|). but they are not Markovian. 

In [3F Stempak and Torrea studied the Littlewood Paley g-functions in the Hermite setting. 
They proved that the ^-function defined by 

/ roo \ 1/2 

9i{Pf}t>o){mx)=[^J^ \tdtPff{x)\'jj , xGM", 

is bounded from L'°(M") into itself, when 1 < p < oo f |35l Theorem 3.2]). Also, we have that 

(5) ||/I!l.(K") ^ ll5(m^}t>o)||L.(M"), feLP{R-), 
(m Proposition 2.3]). 

From |j6i Theorems 1 and 2] and |25| we deduce that by defining, for every 1 < p < oo, 

9M{{Pf}t>o){f){x)=i^J^ \\tdtPff{x)\\ljj , /eL^'(M",B), 

then, for some (equivalently, for every) 1 < p < cx), 

I1/||lp(K",b) - \\9n{{Pt%>o)if)\\LHR-), f e LP{R",M), 
if, and only if, B is isomorphic to a Hilbert space. 

We consider the operator Gc.v, defined by 

5c3if)i^^t) = tdtPfif)ix), a; e M" and t > 0, 
for every / G LP(E",B), 1 < p < oo. 

In ^ the authors proved that, for every 1 < p < oo, 

(6) ||/||lp(R",B) ||^£,B(/)||LP(R",7(i/,B)), 

provided that B is a UMD Banach space. Since '^{H, C) — H, ^ can be seen as a Banach valued 
extension of ([s]). 

Our first objective is to establish ([6| when the space is replaced by the Hardy space and 
the BMO space associated with the Hermite operator. 

Dziubahski and Zienkiewicz [T3] investigated the Hardy space i?^^^(IR") in the Schri'^idinger 
context, where Sy = —A + V and y is a suitable positive potential. The Hermite operator is a 
special case of the Schrodinger operator. In [T^ the dual space of H^^(U.") is characterized as 
the space BMOs^i^") that is contained in the classical i?A/0(M") of bounded mean oscillation 
function in M". The results in [13] and [M] hold when the dimension n is greater than 2, but when 
V{x) = jxp, X G K", that is, when 5y = £ the results in and ^31 about Hardy and BMO 
spaces hold for every dimension n > 1. 

We say that a function / G ii(M",B) is in i7^(M",B) when 

sup||iy,^(/)||BGLi(M"). 
t>o 



7-RADONIFYING OPERATORS IN THE HERMITE SETTING ON BMO AND HARDY SPACES 5 

As usual we consider on H^{W"-,R) the norm || • ||/f^(Rii_B) defined by 

II/IIhMM",b) = I|sup||M^/^(/)||b||li(r..), feHU«'\B). 
^ t>o 

The dual space of i?^(K",B) is the space BMO£(K",B*) defined as follows, provided that B satisfies 
the Radon-Nikodym property (see [7]). Note that every UMD space is reflexive ( |28l Proposition 2, 
p. 205]) and therefore verifies the Radon-Nikodym property (jTT] Corollary 13, p. 76]). A function 
/ G Lii„^(M",B) is in BMO£(M",B) if there exists C > such that 

(i) for every a E M" and < r < p{a) 

^ ^ \\f{z)~fB(a,r)\\Bdz<C, 



\Bia,r)\ JB(a,r) 

where fB(a,r) = /s(a,r) f{z)dz, and 



(ii) for every a G M" and r > /9(a), 

1 



|B(a,r) 

Here p is given by 

p{x) = 



\\f{z)Udz<C. 

B(a,r) 



1 , , 



1+ |2, 



When B = C we simply write iJ^(M") and BMOciW"), instead of i/^(M", C) or SMO£(M", C), 
respectively. 

In [3J it was established a Tl type theorem that gives sufficient conditions in order that an op- 
erator is bounded between BMOc spaces. 

Suppose that Bi and B2 are Banach spaces and T is a linear operator bounded from L^(M",Bi) 
into L2(k«,B2) such that 

T{f){x)= ( K{x,y)f{v)dy, a^^supp/, / G (]R",Bi), 

where K{x, y) is a bounded operator from Bi into B2, for every x,y E M", x ^ y, and the integral 
is understood in the B2— Bochner sense. 

As in [3 we say that T is a (Bi,B2)-Hermite-Calder6n-Zygmund operator when the following 
two conditions are satisfied: 

^-c{\x-y\^ + \x\\x-y\) 

(*) \\Kix,y)\\^M^,B,) <C , x,yeR",x^y, 

^ ' \x ~ y\" 

\y — ^\ 

(m) \\K{x,y)-K{x,z)\\L^Bi,K2) + \\K{y,x)~K{z,x)\\L(m,M^) < C _ , \x-y\ > 2\y-z\, 

\x y\ 

where C, c > and _L(Bi,B2) denotes the space of bounded operators from Bi into B2. 

If T is a Hermite-Calderon-Zygmund operator, we define the operator T on i3A/0£(M",Bi) as 
follows: for every / G BMOcO&.'\Mi), 

T{f){x) = TifxB){x) + [ K{x, y)fiy)dy, a.e. xeB^ B{xo, ro), xo G M" and ro > 0. 

This definition is consistent in the sense that it does not depend on xq or tq. Note that if / G 
BMO£(M", Bi), B = B{xo,ro), and B* = B{xo,2ro) where xq G M" and tq > 0, then 

T{f){x) = T{{f-fB)xB'){x)+ f K{x,y){f{y)-fB)dy + T{fB){x), a.e x G B*. 

Jr"\b* 



Note that if / G L^(E",Bi) then T(/) = T{f ). In Theorems |l.2| and |l.3| below we establish 
the boundedness of certain Banach valued Hermite-Calderon-Zygmund operators between BMOc 
spaces. When we say that an operator T is bounded between BMOc spaces we always are speaking 
of the corresponding operator T, although we continue writing T. In order to show the boundedness 
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of our operators in Banach valued BM Oc spaces we will use a Banach valued version of [3 , Theorem 
1.1] (see d Remark 1.1]). 

Theorem 1.1. Let Bi and B2 be Banach spaces. Suppose that T is a (81,82) Hermite-Calderon- 
Zygmund operator. Then, the operator T is bounded from _BMO£(M", Bi) into i?A/0£(M", B2) 
provided that there exists C > such that: 

(i) for every 5 G Bi and x G M", 

ip/ ^ ( \\\ \ l|r(5)(y)||B,d2/ < C||6||bi, 

\B{x,p{x))\ Jb(x,p(x)) 

(a) for every b £ Bi, x G M" and < s < p{x), 

where {T{b))B{x.s) = , ^| / T{b){y)dy. 

This result can be proved in the same way as |3] Theorem 1.1]. In some special cases the con- 
ditions (z) and {ii) reduce to simpler forms. For instance, if T{b) — T{l)b, 6 G Bi, where T is a 
(C, I/(Bi, B2)) operator (where (C,L(Bi,B2)) has the obvious meaning) then properties (i) and (ii) 
are satisfied provided that r(l) G L°°(M", L(Bi,B2)) and vf (1) G L°°(M", L(Bi,B2)). 

We denote by {Pf'^"}t>a the Poisson semigroup associated with the operator C + a, when 
a > —n. We can write 

V47r Jo 

The operator Gc+a,B is defined by 

Gc+Mf){x,t) = tdtPf+''{f){x), X G M" and t > 0. 

Our first result is the following one. 

Theorem 1.2. Let M be a UMD Banach space and a > —n. Then, if E represents or BMOc 
we have that 

ll/ll£;(E",B) ^ ll^£+Q,B(/)ll£;(R",7(ff,B)), / ^ i?(M"',B). 

In order to establish our characterization for the UMD Banach spaces we introduce the operators 
Tj^_i_, j — 1, . . . , n, defined as follows: 

Tf-^^{f){x, t) = t (a,^ ± xj) Pf{f){x), X G M" and i > 0. 

In [H Theorem 2] it was established that if B is a UMD Banach space then the operators Tj'_j_ 
are bounded from LP(IR",B) into iP(M", 7(_ff, B)), for every 1 < p < 00 and j = 1, . . . ,n, provided 
that n > 3 in the case of Tj'_ . 

The behavior of the operators T^'^ on the spaces iJ£(M",B) and i3A/0£(]R",B) is now stated. 

Theorem 1.3. Let M be a UMD Banach space and j = 1, . . . ,n. By E we represent the space iJ^ 
or BMOc- Then, the operators Tf;^ are bounded from E{W\M) into £'(M", 7(i?, B)), provided that 
n > 3 in the case of Tf . 

UMD Banach spaces are characterized as follows. 

Theorem 1.4. Let M be a Banach space. Then, the following assertions are equivalent, 
(i) B IS UMD. 

{ii) For some (equivalently, for every) j — l,...,n, there exists C > such that, for every 
f e Hl{W)(g)M, 

ll/llffi (R",B) < C'|15£+2,b(/)||hi (R",7(//,B)): 

and 

ll'^j/?+(/)llffi(R",7(H,B)) < C'll/llffi(R",B)- 
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(iii) For some (equivalently, for every) j — l,...,n, there exists C > such that, for every 
/e (M")0B, 

ll/l|sMO£(R",B) < C||^£+2,B(/)||BMOc(K",7(ff,l)) 

and 

\\'^j^+if)\\BMOc{R"n{H,M)) < C'II/IIbMO£(K'',B)- 

In (a) and (Hi) the operators Gc+2,B o,nd T^_^, j — 1, . . . , n, can he replaced by Gc-2.B o,nd T^_, 
j = 1, . . . , n, respectively, provided that n > 3. 



In the following sections we present proofs of Theorems 1.2 1.3 and 1.4 In the Appendix (Sec- 
tion |5]) we show that the Riesz transforms in the Hermite setting can be extended as bounded 
operators from _BA'/0£(M",B) into itself and from H]^{W^ ^W) into itself. These boundedness prop- 
erties will be needed when proving Theorem |1.4[ Moreover, they have interest in themself and 
complete the results established in [31 and in |14| . 

Throughout this paper by C and c we always denote positive constants that can change on each 
occurrence. 



2. Proof of Theorem 11.21 
We distinguish four parts in the proof of Theorem |1.2[ 



2.1. We are going to show that the operator ^£+^,8 is bounded from BMO£(M", 1) into BMO£(K", 
7(if, B)). In order to see this we will use Theorem |1.1[ According to [2, Theorem 1] the operator 
0£+„,B is bounded from L'^{W,M) into L'^{W\-f{H,K,)), because B is UMD. 

Suppose that / e i?MO£(M",B). Then, / is a B- valued function with bounded mean oscillation 
and hence ||/(a;)||B/(l + |a;|)"+^c!a; < oo. The kernel Pf~^°'{x,y) of the operator Pf'^" can be 
written as 

Pf+^ix^y)^^ s-^^^e-''/'^^'^-°"W^{x,y)ds, x, y e M" and t > 0. 



* ' y/4:7T Jo 

We have that 

tdtPf+°'(x,y) =-— \ ^ e-*'/(4^)-"^M^f (a;,y)ds, x,y M" and t > 0. 

By [21 (4.4) and (4.5)] we have that, for every x,y d M" and s > 0, 

e-"'* / f \x- 

_____ exp ^-c ^ — 

(7\ <cnp-'^i\^-v\^+i\^\+\v\)\^-y\) 

(l_g-4.)„/2 

Hence, since a -I- n > 0, for each x,y E M" and t > 0, 

.9.9 

-(cKH-n)s 



W^{x, y) <C ,^ exp i-c fj^-^ + (1 - + V? + (1^1 + \v\)V - v\ 



<Cte-^(l"-^l +(1^1+1^1)1^-^1) / ^ds 

~ Jo 

(8) <Ce-^(l-«l^+(l-l+l!^l)l-y|)^ , < C-, , ^ „ . 

^' - (i-|-|a;-y|)"+i - (i + |.t - 

Then, Jjj„ \tdtP^^"'{x,y)\ \\f{y)\\Bdy < oo, for every x G M" and t > 0, and we deduce that 
i9tP,^+"(/)(x) = / iatP,^+"(x, 2;)/(y)dy, x € M" and t > 0. 



Moreover, by ^ we get that, 

\\td,P,^^^x,y)\\H <Ce-(l-^l +1^11-^1) ^ (^^^^3^)^^^ 

g-c(|a;-al^ + |y||a:-J/|) 

(9) <C , x,yEMJ',x^y. 

\x - y|" 
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Let x,y e M", X 9^ y. We write F{x,y;t) = tdtP^^°'{x,y), t > 0. Since F{x,y;-) G H, for every 
6 e B, the function Fh{x, y; t) = F{x, y; t)b, t > 0, defines an element Fh{x, y; •) e 'y{H, B) satisfying 
that 



dt 

T 



{S,Ft,{x,y;-){h))M',m= / {S,Fb{x,y;t))M',Mh{t)- 
Jo 

={S,b)M^,B F{x,y;t)h{t)-, SeM*&ndheH. 
Jo * 



Then, for every 6 G B, 



Fb{x,y;-){h)= [ I F{x,y;t)h{t)j ] b, h G H. 



We consider the operator T{x,y){b) = Fb{x,y; •), 6 G B. We have that 

2\ 1/2 



k(a;,y)(&)ll7(H,B) = E 



^7feFb(a;,y;-)(efc) 



(10) 



= E 



fe=i 



y^lk F{x,y]t)ek{i) 
fe=i 



E 

2\ 1/2 



1/2 



F{x,y;t)ek{t) — b 
k=i ^ 



|e = ||i^(x,y;-)|k||&||B, 6g 



Hence, if i(B,7(if,B)) denotes the space of bounded operators from B into 7(iI,B), we obtain 



\\T{x,y)\\L{M,^{H,l 

Let i = 1, . . . , n. We have that 



<C- 



-c{\x-y\'^ + \y\\x-v\) 



\x-y\ 



5,, (t5tP,^+"(x,y)) = ^j^ s"'/' (l - ^) e-*'/(4^)-"^a,,(W^,^(x,y))ds x, G and t > 0. 



Since 



1 fl + e- 



dx,{W^{x,y)) = -- - Vj) + Yqr^fe- +%)J W^i^^y)^ G M" and s > 0, 

we obtain that 



(11) \d^.{W^{x,y))\ < Ce-^d^-^l'+^l^l+I^DI^-^'l) 



. , , X, y G M" and s > 0. 

(1 _ e-4s^(n+l)/2 ' 



By proceeding as above we get 



C 



\\d,, {tdtPf+"{x,y)) \\h < -TT, x,yGW^,x^y 



and then 



x-y 



C 



\\dx^T{x,y)\\L(M,^(H,M)) < I _ x,y G R", x ^ y. 



By taking into account symmetries we obtain the same estimates when dxj is replaced by dy^ . 

Next we show that if / G L2°(M",B) then 
(12) tdtPf+'^{f){x)= I T{x,y)f{y)dy, x ^ supp(/), 

where the integral is understood in the 7(if, B)-Bochner sense. Indeed, let / G L^(R",B) and 
X ^ supp(/). We have that 

\\T{x,y)f{y)\\^^H,n)dy<C [ "-^^^^"^ 



-dy < oo. 



/supp(/) \x - 2/1" 

Since 'r{H,M) is continuously contaiucd in the space L{H,M), T{x,-)f G L^{R"-,L{H,M)). Then, 
there exists a sequence {Tk)keT>! in Li(M") L{H,V) such that 

Tfe — > T{x,-)f, as fc -i^ 00, in L^(M", L(iJ,B)). 

Hence, 

/ Tk{y)dy — >i T{x,y)f{y)dy, as A; -> oo, in L(if,B), 
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and also, for every h E H, 

Tk[h] — > t{x, ■)f[h], as k^oo, in L1(M",B). 
Suppose that T = J2T=i ft'^t^ where fi £ L^W") and Te £ L{H,M), ^ = 1, . . . ,to e N. We can write 

(/ T{y)dv\[h]^Y.^t[h] I My)dy^ f T{y)[h]dy, h £ H. 

Hence, we conclude that 

T(x,y)f{y)dy\[h]^ I T{x,y)f{y)[h]dy, h £ H, 



1=1 



where the last integral is understood in the B-Bochner sense. 
For every /i G i/, by ([9]) we have that 



T{x,y)f{y)[h]dy^ I (/ tdtP^+^{x,y)h{t)'^-^ ] f{y)dy 



upp(/) \J0 

GO 



tdtPf+''{x,y)f{y)dy]h(t) 

upp(/) / 



dt 

T 



td,Pf+'^{f){x)h{t)j = {tdtPf+"{f){x)) [h]. 



Thus ( 12 ) is established. 



We conclude that Gc+a,B is a (B, 7(i?, B))-Hermite-Calder6n-Zygmund operator. 
On the other hand, by [34, Proposition 3.3] we have that 

1 / \ / 1 —At \ 

(13) - j ^"H"2(lT^'"''j' -^l^"-di>0. 

It follows that, for every x £ M" and t > 0, 
(14) 

/ 1 - p^4t 4p-4« \ 

d,Wf+-{l){x) = d, {e--'Wf{l){x)) = -e-"* (^a + n^^^ + l^l'j^^^^j W,'^{l){x). 



We can write 



t 



Gc+a,cil)M=— / dtW^''+Z{l){x)du 

V"" Jo V w 

(15) =— / ^a.W^f +"(l)(a;)|,^t2/4„d7., X e M" and i > 0. 

V47r 7o ' 

Minkowski's inequality leads to 



<C ^\\zd,W^+''il)ix)\\Hdu, x£R^. 



X £ 



Moreover, we have that 

+"(1)(x)||h <C (^J^ e-^"l"l'(l + \x\^)zdz + e~^^''+''>- zdz^ < C, 
Hence, \\Q c+a.<c{^){x,-)\\H £ i°°(M"). As above, this means that Qc+a.ciX) ^ L°°{R",H). 
In a similar way we can see that, for every j — 1, . . . ,ti, dxjGc+a,c{^) G L°°(M", H). 

By using Theorem |1.1| we can show that the operator Gc+a3 is bounded from BAIOci^"' ,i 
into BMO£(K",7(7J,B)). 
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2.2. We are going to prove that Gc+a,B is a bounded operator from H^{M.''\M) into H^{M.", 7(i?, B)). 
In order to show this property we extend to a Banach valued setting the atomic characterization of 
Hardy spaces due to Dziubaiiski and Zienkiewicz ([T^ and |14jl. 

A strongly measurable function a : M" — > B is an atom for H^{W^ ,M) when there exists xq e M" 
and < tq < p{xo) such that the support of a is contained in B^xq^tq) and 

(«) l|a||L-(R",B) < \B{xo,ro)\^'^, 
{ii) / a{x)dx — 0, provided that ro < p{xq)/2. 



Proposition 2.1. Let Y be a Banach space. Suppose that f G L^{M.",Y). The following assertions 
are equivalent. 

(t) sup \\Wf if )\\y e L\R^). 
t>o 

(ii) snp\\Pf{f)\\YeL\W^). 
t>o 

{Hi) There exists a sequence (aj)jgN of atoms in H]i-^{W^,Y) and a sequence (Xj)j^jq of complex 
numbers such that X^jeN I'^jl ^ '^^'^ f ~ X)jeN ^j^j- 

Proof. Dziubahski and Zienkiewicz proved in [14, Theorem 1.5] (see also [12J) that (j) (Hi) for 
Y = C In order to show [14;, Theorem 1.5] they use the atomic decomposition for the functions in 
the local Hardy space /i^(IR") established by Goldberg f |16l Lemma 5]). By reading carefully [S^ 
Theorem 1, p. 91, and Theorem 2, p. 107] we can see that the classical Banach valued H^{M.",Y) 
can be defined by using different maximal functions and by atomic representations, that is, [32, The- 
orem 1, p. 91, and Theorem 2, p. 107] continue being true when we replace H^{K") by H^{W\ Y). 
Then, if we define the Banach valued local Hardy space /i^(M",F) in the natural way, h^{W"-,Y) 
can be described by the corresponding maximal functions and by atomic decompositions (see |16l 
Theorem 1 and Lemma 5]). More precisely, the arguments in the proofs of fW, Theorem 1 and 
Lemma 5] allow us to show that if / G L^(M", Y) then / e ft,^(M", Y) if and only if / = Y^jen ^j°'J' 
where Xj £ C, j G N, and X^jgn and, for every j e N, aj is an /i^-atom as in [16, p. 37] 

but taking values in Y. With these comments in mind and by proceeding as in the proof of [141 
Theorem 1.5] we conclude that (j) <^ (Hi). 

By the subordination representation Q of Pf, t > 0, we deduce that (i) (ii). 

To finish the proof we are going to see that (ii) =^ {Hi). In order to show this we can proceed 
as in the proof of [T4, Theorem 1.5]. We present a sketch of the proof. Firstly, by Q and ([t]) and 
proceeding as in (|8| we deduce that 

(16) P/^(2;,y) < Ce-'=(l^-''l'+l^ll^-^l) xr, x, y S and t > 0. 

(i+|x-y|)"+' 

Hence, for every £ £ N, there exists C > such that 



(17) Pt^(x,y)<C7(^l + ^^j |a;-y|"", y e M" and i > 0. 
Moreover, for every M > we can find C > for which 

(18) \P,^{x,y)~Pt{x-v)\<c(^^^^\ ' \x-v\-^, x,yGM", |x - y| < Mp(x) and t > 0, 



p{x 

where Pt denotes the classical Poisson semigroup. 
Indeed, let M > 0. According to Q we can write 

\Pf{x,y)-Pt{x-y)\<Ctj^ —^\Wf{x,y)-Ws{x-y)\ds, a:, y G M" and <> 0, 
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where Wt{x) = e-l"=l'/'*7(47ri)"/^ x e M" and t > 0. From ^ it follows that 



oo -e/4,s 



-\W^{x,y)-Ws{x-v)\ds<Ct 



oo -c{t^ + \x-yf)/s 



-ds < C 



\x - v\ 



p{xY \ p{x) J \x~y\ 



x,y e M", X and t > 0. 



ds 



On the other hand, we have that 



„3/2 



\W^{x,y)~WAx-y)\ds<C\t 



+ t 
+ t 

+ t 

4 



Pixf „-c{t^+\x-y\^)/s 



1 



Pixy p~c(t^ + \x-y\^)/8 

- I 

s("+3)/2 I 

' ds 



l\ds 



g(n+3)/2 



(1 - e-4s)n/2 (45)"/2 

1 1 - e-'^' 



exp 



41 + e 



-2s 



\x + y\']-l 



ds 



5(n+3)/2 



exp 



ds\ 



= C^Ij{x,y,t) e M" and t > 0. 

Since le"""' -l\<Cs, s> 0, and 



1 



(1 - e-4'^)"/2 (4s)"/2 



< 



C 



gn/2-l ' 



< s < 1, 



we deduce that 
Ij{x,y,t) <Ct 

< 



Pi^r ^-cit^ + \x-yf)/s 



,(«+l)/2 



ds<C 



1 -dt'^+i^-vrj/s 



„n/2 



-ds < C 



(t2 + |2:-y|2)("/2-i/4) 



< c 



y\\ 



1/2 



1 



p(a;) / \x-y\'' 



\j. _ y|n-l/2 

Also, we have that, for every x,y M" and s > 

11 + e-'^' 



, e M", a; 7^ y, i > and j = 1,2. 



exp 



:\x - y\' 



-\x-y\^/4s 



4 1 - e-"^" ' 
Then, by proceeding as above we get 



h{x,y,t) < C 



\^-y\ \ 



1/2 



1 



p{x) J \x-y\ 
Finally, we analyze I^. We have that 
1 1 - e-2s 
'4 1 + e-2s 



-, X,?/ e M", a; 7^ y and t > 0. 



exp 



< Cs|x + 2/1^ < C— Ix - ?/| < Mp(x) and s > 0. 



p(a;) 



Hence, it follows that 



h{x,y,t) < 



„n/2 



ds < 



C 



p(x) 



ds 



c 



p(a;)2|a;-2/|«-i/2 7q si/4 \^ pl^^) 



\x - y\ 



1/2 



provided that |a; — ?/| < Mp{x), x ^ y and i > 0. 



By combining the above estimates we obtain (18). 



Estimations (17) and (18) can be also obtained when ?i > 3 as special cases of jl4) Lemma 3.0]. 



According to [[SUl, p. 517, line 5] 

' M(x) 



sup < 7' > 



pn— 2 



\y\^dv < 1 



B{x 



Since p{x) < 1/2, there exists mo € Z such that the set B,n = {x e M" : 2™/2 < ]\.f{x) < 2^} 
is empty, provided that m < toq. Then, for every to G Z, m > toq, and fc G N we can consider 
X{m,k) G H^" in [141 Lemma 2.3] and choose, according to [14, Lemma 2.5], a function V''(m,fc) G 
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< C2™/2 and ^(m,k) 



1, X e 



C^?°(S(x(„,fc),2(2-™)/2)) such that ||Vi^(^,fc)|Uoo 

Here C > does not depend on (m, k). We can assume mo = to make the reading easier. 

For every m,k eN, let us define = 2('*-")/2) and i3(„,fe) = (^n + 

-[^■j2(4-m)/2'j and consider the maximal operators 

Mrnif)^ sup \\Pt{f)~Pf{f)\\Y, Mi{f)^ SUp ||Pt^(/)|ly, A^™(/)= SUp \\Pt{f)\\Y, 
0<t<2-'" 0<t<2-'" 0<t<2-™ 

and the maximal commutator operator 

■^f™.fe)(/)= sup \\Pf{^im.k)f)~^^im,k)PtHf)\\Y- 
0<t<2-™ 



sup 

y<iB(^,k) "'R"\S(™,fc) 0<t<2- 



Let m, fc G N. By using (|16|) we deduce that, for a certain C > independent of m and fc, 

sup \P^^{x,y)-Pt{x,y)\dx<C. 

Indeed, if a;, y G M", x ^ y, the function w(t) = t/ (t^ + \x — y\'^)^^^^^^^ , t > 0, is increasing in the 
interval (0, \x — y\/^/n) and it is decreasing in the interval {\x — y\/y^,oo). If a; G M" \ B(^„i i^-^ and 
y e B^.m,k), \x-y\> V^2('^-™)/2. Hence, from ^ it follows that 



sup 



/ sup \Pfix,y)-Ptix,y)\dx<C2-"' sup / 



1 



< C2- 



"\S(0,yS2(i-™)/2) (2-2™ + |u|2) 



(n+l)/2 



du<C 



\B„„,„ (2-2™ + \x- y|2)("+l)/2 
2-m 



dec 



2-™ + ^Ai2('^-™)/2 



< C. 



By (18 1 and arguing as in [14, Lemma 3.9], we conclude that, for a certain C > 0, 
Also, by proceeding as in the proof of [TT, Lemma 3.11] we can find C > such that 

{rn,k) 

By combining the above estimates we deduce that 



E ll-^™(V'(m,fc)/)llLi(R") ^ ( ll/IUi(R",l') + 
(m,fe) \ 



sup|lP,^/||y 

t>0 



< oo, 



provided that (m) holds. 

Now the proof of (m) (mi) can be finished as in |14l Section 4]. 



□ 



In the next result we complete the last proposition characterizing the Hardy space by the maximal 
operator associated with the semigroup {P/'^"}(>o. 

Proposition 2.2. Let Y be a Banach space and a > — n. Suppose that f G L^(M",y). Then 

f G H},{W\Y) if, and only if, sup ||P,^+"(/)||y G L\R"). 

t>o 

Proof. We consider the operator Lq, defined by 

L^{g) = sup \\Pf+^ig) - PfigML , g e L\W\Y). 



We can write 



t>o 



La{g){x) = sup 

t>0 



La{x,y;t)g[y)dy 



X G 



where 



La{x,y\t) 



An Jo u' 



3/2 



l)Wf;{x,y)du, y G M" and i > 0. 
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From I?! and by taking into account that |e^("+")" — e^""| < Cue^™, u £ (0, oo), we obtain that 

poo c{t'^ + \x~y\^)/u I -(Q+n)ti _ -nnl 

fOD -c{\x-y\'^+t^)/u -cu 
- Jo «l/2(l-e-4«)n/2 

,2 p-c{\x-y\^+t'')/u dx-yl" 

<Cte-^^^-'\ —j^^^^du < C^—^,. e M", X ^ y and t > 0. 

Hence, for every g E L^{K"-,Y), 

\La{9){x)\dx < C / —-j^\\g{y)\\Ydydx<C\\g\\Li(R^,Y)- 

JK" JR" F — 2/1 ' 

This shows that La is a bounded (sublinear) operator from L^(M",y) into i^(M"). 



The proof of this property can be finished by using Proposition |2.1[ □ 
As usual by i7^(M",B) we denote the classical B- valued Hardy space. 

Proposition 2.3. Let Y be a UMD Banach space and a > —n. The (sublinear) operator 
defined by 

Tf = sup ||Pf , 

s>o ly-"^' ) 

is bounded from H^iW^Y) into L^W") and from L^{W,Y) into Li'°°(M"). 

Proof. In order to show this property we use Banach valued Calderon-Zygmund theory f|29|l. 

As in ([s]) we can see that 

P/^+"(x, y) < C * XT, x,ye M" and t > 0. 

{t+\x^y\) 

Hence, it follows that 

sup||P,^+"(5)||y <CsupPi(||5|k), 5eP^'(M",r), 1 < p < cx), 

t>0 t>0 

and from well-known results we deduce that the maximal operator 

pf+"(g) = sup|!P,^+"(g)||y, 
t>o 



is bounded from LP{W, Y) into LP{W), for every 1< p < oo, and from L^{W,Y) into Li^°°(M"). 

Moreover, according to [2, Theorem 1] the operator Qc+a,Y is bounded from 

• Y) into 7(iJ, F)), 1< p < oo, 

• Li(M",y) into Li'°°(M",7(i/,y)), and 

• into Li(K",7(7J,y)). 

Hence, if we define the operator Tf by 

Ti{f)(x,s,t) = P^+''gc+a.Y{f){x,t), xe«\ s,t>0, 

it is bounded from LP(M",y) into iP(M", L°°((0, oo), 7(iJ, F))), 1 < p < oo, and from H\R'',Y) 
into Li'°°(M",L°°((0,oo),7(iJ, F))). 

We are going to show that is bounded from L^M:'\Y) into L^^°°{K",L°°{{0,oo),'y{H,Y))) 
and from H^W,Y) into L^{W\L'^{{0,oo),-f{H,Y))). 

We consider the function 

(19) rta{x,y;s,t)^tdtPtit"{x,y), x, y e M" and s, t > 0. 
It follows from (|8| that 

(20) \naix,y;s,t)\<C- ^ — ^, x, y G M" and s, t > 0. 

(s-|-t+ |a::-?/|) 
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Let j — 1, . . . ,n. By ( 11 ) we get 



\dMx,y;s,t)\ <Ct / 



u("+4)/2 

(21) <C * x^, a;,w e M" and > 0. 

" (s + t+|x-y|r+2' 

By taking into account the symmetries we also have that 

(22) \dy^n^{x,y;s,t)\<C- ^ —3, y G M" and s, i > 0. 

(s + t+ |a;-y|) 

Let iV G N and C{[l/N, N],Y) be the space of continuous functions over the interval [1/N,N] 
which take values in the Banach space Y. The function il.a{x, y; s, t) satisfies the following Calderon- 
Zygmund type estimates 

C 

(23) ||^a(a:,;/; ■)llc([i/Af,Ar],g) < ll^a(x,y; ■, ■)||l°°((o,oo),h) < I _ a;,yeM", x ^ y, 

\x y\ 

and 

W'^x^aix.y, •, ■)\\c([l/N,N],H) + \\'^v^a{x,y; •, ■)\\c(ll/N,N],H) 

< WV^Qaix^y; •, ■)l!L=((0,oo),ff) + \\'^v^a{x,y; •, •)llL~((0,oo),ff) 

(24) <, XT^y. 

F ~ y\ 



Note that the constant C does not depend on N. Indeed, by (20) we get 

/ 00 \ -^/^ 

l|f^a(a;,2/;-,-)llL~((o,<x3),//) <^^sup / , , , ^^"^0 

s>o yJo ((s + <)2 + - yp) ^ J 

\ 1/2 

\ C 



<^ / 7 ^ ^2;i+T <| x,yeR^,x^y. 



and (23 1 is established. In a similar way we can deduce (24) from (21) and (22) 



Suppose now that g e L^(M"). By (23) it is clear that 



\\^a{x,y; ■, ■)\\c([i/N.N],H)\9{y)\dy < 00, x ^ supp(5). 
We define 

Saig)ix) ^ na{x,y;-,-)g{y)dy, x^snpp{g), 



where the integral is understood in the C{[l/N, N], i/)-Bochner sense. We have that 

[Sa{9){x)]{s,-) = na{x,y;s,-)g(y)dy, a; ^ supp(g) and s e [1/A^, TV]. 
Here the equality and the integral are understood in H and in the i/-Bochner sense, respectively. 

For every h H, we can write 
(h, [ na{x,y;s,-)g{y)dy\ = [ [ Qaix,y; s,t)h{t)'^g{y)dy 

/ na{x,y]s,t)g{y)dyh{t) — , x i supp(5) and s G [l/N,N]. 

JR" I 

Hence, for every x ^ supp(g) and s > 0, 

j Vla{x,y]s,t)g{y)dy ^ (^j D.a{x,y] s, ■)g{y)dy^ {t), 

as elements of H . 

We have proved that 

P^+"Qc+c..d9){x, ■) = [Sc.{g){x)] (s, •), X i supp(g) and s G [l/N,N], 
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in the sense of equality in H. 

Assume that g = X^JLi ^j.9j; where bj S Y and gj £ L^(M"), j = 1, . . . , m € N. Then, 

m m 

•, ■)g{y)dy^ {s, ■), x i supp(g) and s e A^], 

where the last integral is understood in the C ([1/iV, iV], 7(i7, y))-Bochner sense. 

According to Banach valued Calderon-Zygniund theory (see [29^) we deduce that the operator 
can be extended from 

• l?[W,Y) n Li(M",r) to Li(M",r) as a bounded operator from L^{W\Y) into 
Li'°°(M",C([l/iV,iV],7(ir,y))), and as 

• a bounded operator from into L^i^'' ,C{\\IN ,N\,-i[}i,Y))). 

Moreover, if we denote by ^ the extension of to iy^(M", F) there exists C > independent 
of iV such that 

and 



ll'^f ,Ar||//i(R",Y)-i-Li(R",C([l/Af,Af],7(ff,y))) < C*- 



Let g e and let (5fe)fegN be a sequence in Li(R",y) n l?i^'^,Y) such that 

5fe — > 9, as fc oo, in L^(M",F). 

It is not difficult to see that 

T^ig)ix,s,t) - gc+c.,Y {P^+"{g)) ix,t), X e M" and s,t>0, 

and 

Ti{gk){x,s,t) ^ gc+c.,Y {P^+"igk)) ix,t), x G M", s,t>OandfceN. 

Hence, since Pf'^°' is bounded from L^{W\Y) into itself, for every s > 0, and tj^+a.y is bounded 
from L^{R",Y) into 7(i?, F)) Theorem 1]), 

^^(gfe)!-,^,.)— >Tf(g)(.,s,.), asA:^oo, in L'-^{W\j{H,Y)), 

for every s > 0. Moreover, we can find a subsequence {gkt)eeN of (gfc)fceN verifying that for every 

TTf (5fcJ(a;, s, •) — > Tf (g)(a;, s, •), as ^ ^ oo, in j{H, Y), 
a.e. X G M" . On the other hand, 

(.gfc. ) - (fffe. ) — > Tliv (5) , as ^ -> oo, in L''°^ (M", C( [1/iV, iV] , 7(i?, ^ ))) , 
and then, there exists a subsequence {gkt.)jeN of (5fej)£gN such that, for every s G [l/N,N], 

^^i9ki.){x,s,-) — !■ ff_jv(g)(a;,s,-), as j ^ oo, in7(iJ,r), 
a.e. X G R". Thus, for every s G [l/N,N] D Q, 

f f ,v(3)(a^, 5, •) = Tf s, •), a.e. x G M", in j{H, Y). 

Finally, 



xgM" :sup||Tf(5)(a;,s,-)|l7(ff,y) > A 

s>0 



< 



xGM": sup ||Tf(<7)(a;,s,-)||7(ff,y) > A 

se[l/A,7V] I 



= lim 

N—foo 



lim 

N^oc 

c. 



xgM": sup \\Ti{g){x,s,-)\UiH,Y)> X 

se[i/N,N]nQ 

a;GM": sup \\T^^^{g){x, s, ■)\UiH,Y) > >^ 

se[i/N,N]n(} 



< y A > 0, 
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and we conclude that is bounded from L^iW^Y) into L^^°°{W\L°°{{Q,oo),-f{H,Y))). 

By proceeding in a similar way we can show that is also bounded from H^{M.",Y) into 
Li(]R",i°°((0,oo),7(i?,r))). □ 

We now establish that gc+a,K is bounded from iJ^(M",B) into H}.(R" ,j{H,M)). According to 
Proposition [2^ it is sufficient to show that gc+a,M{f) G L'^{U." ,j{H,M)), for every / e iJ^(M",B), 
and that the operator 

Tf = sup WP^+'^Gc+cADi^, OIL^B) ' 

s>0 ' ' 

is bounded from i7^(M",B) into L\W). 



First of all, we are going to see that Gc+a,M is a bounded operator from H^{M.",M) into i^(M", 
7(iJ,B)). By [21 Theorem 1], ^£+^,8 is bounded from i7i(M",B) into L'^{R'' ,j{H,M)). Hence, if a 



IS an 



atom for iJ£(]R",B) such that J^^ a{x)dx = 0, then 



||^£+a,B(a)||Li(R",7(//,B)) < C'||a|| Li (R",B) < C, 

where C > does not depend on the atom a. 

Suppose now that a is an atom for H^{R",M) such that supp(a) C B — B{xq, tq), where xq G M" 
and p{xo)/2 < vq < p{xo), and that ||a||i=o(-jj,i b) ^ 1^1"^- Since Gc+a,M is a bounded operator from 
L2(M",B) into L2(M",7(H,B)) (Pl Theorem 1]), we have that 

\\Gc+a,Bia){x, ■)\\^(^H,«)dx <|B*|l/2 \\Gc+aM{a){x, ■)\\'i^(^H,B}dx^ 

(25) <qB|i/2 (^Jja{x)\\ldx^ ' <C, 

being =S(xo,2rn). 

Moreover, ii y £ B and a; ^ B*, it follows that \x — y\ > tq > p{xo)/2 and p{y) ^ p{xq). Then, 
by taking into account ([9|, pOl and (12 1 we get 



/ 

JR' 



\\Gc+<.Mia){x,-)\\^l^H,M)dx< / \\tdtPf+''{x,y)\\H\Hy)\\Bdydx 

\s* Jr"\b' Jb 

<C / — — \\a{y)\\Mdydx 



<C / ||a(2/)||BE / 



dxdy 



2 



From ( 25 ) and ( 26 1 we infer that 

||^£+a,B(a)|iLi(R",7(if,B)) < C', 

where C > does not depend on a. 

We consider / = J^JLi ^jO'jj where aj is an atom for H}^{R''^,M) and Xj G C, j G N, being 
< The series converges in i^(IR",B). Hence, as a consequence of |2j Theorem 1], we 

have that 

00 

Gc+a.nif) = XjGc+afiiaj), 
as elements of Li^°°(M",7(i/,B)). Also, 

CXD OC 
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where C > does not depend on /. Thus, 

||^£+q,b(/)||li(R",7(H,B)) < Cll/llffi (R",B)- 

Finally, to show that Tf is bounded from iJ^(M",B) into ^^(M") we can proceed as above by 
considering the action of the operator on the two types of atoms of _ff^(IR",B), and taking in mind 
the following facts, which can be deduced from the proof of Proposition |2.3[ 

Tf is bounded from i?i(M",B) into L\E."), 



• rf is bounded from L^(R'\m) into L^(W) 



• Pf'^"Gc+a,B can be associated to an integral operator with kernel il^ (see (19l) verifying 
that 

g-c{\x-y\^ + \y\\x-y\) 

sup|lf}a(x,?/,s, < C . r- , a;,yeM", x =^ y, 

8>o \x~yr 

• Tf is bounded from ii(M",B) into 

2.3. Our next objective is to see that there exists C > such that 

(27) ||/||sAfOc(R",B) < C||S£+a,B(/)||BMOc(E",7(H,B))j / G SMO^ (M'\ B) . 

In order to prove this we need to establish the following polarization equality. 
Proposition 2.4. LetM be a Banach space. If a e if (M") (g)B* and f e BMOc{M:'\M), then 

dxdt 1 f 

{Qc+a3*ia){x,t),gc+a,M{f){x,t))K*,M—^ = -. / {a{x) , f {x))a* ^^dx. 
Proof. Firstly we consider a G if (M") and / G SAfO£(M"). In order to prove that 

(28) / / Qc+c.c{a){x,t)gc+c..c{f){x,t)^ ^ - a{x)f{x)dx, 
we use the ideas developed in the proof of [13, Lemma 4]. 

According to [13, Lemma 5] we can write 

f°° f dxdt 

(29) / / |^£+a.c(a)(2;,t)||e£+a,c(/)(a;,i)|— <qi^a(a)||Li(R")||/a(/)||L-(R"), 
■/O JR" ' 

where 

(oo \ -^/^ 

and 

Uf){x) = |up ^'^""^ \Qc+o.,df){y.t)? , ^ G K". 

Here B represents a ball in M" and r(i3) is its radius. 

We are going to show that the area integral operator is bounded from H^iW'^) into _L^(M"). 
According to [HI Theorem 8.2] 5*0 is bounded from Hl{W^) into Li(M"). Then, it is sufficient to 
see that Sa — So is bounded from iy^(]R") into itself. 

By using Minkowski's inequality we obtain 

/ X 1/2 

\Gc+a,c{9)iy,t) - Gc.c{g){y:t)\^ 

J\x^y\<t ^ ) 



< 



\ 1/2 

|.9(z)|([ / _\td,[Pf+'^iy,z)~Pf{y,z)]\'^] dz, g e L\R-). 



\x-y\<t 



Since, 



f r°° / /2 \ 

tdt [P,^+"(2/,z) - PHy,^)] = ^37^ - {e'"'-l)W,^{y,z)ds, y,ze W\ t > 0, 
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by employing Minkowski's inequality and ([t]) it follows that 
\td,[Pf+'^iy,z)~Pfiy,z)]\ 

\Jq J\x-v\<t 



< C 



\ 1/2 

1 2 dydt \ 



i| 



„3/2 



J\x-y\<t 



1/2 



oo I -(a+n)s p-ns| / poo p , rlurU 



ds 

1/2 



,3/2(1 _,-4.)n/2 i„-l^ 

By taking into account again that |e^("+")'* — e^"''| < Cse"'^^, s € (0, oo), and that t'^ + \z — y]"^ > 
{t^ + \z — a;p)/4, when |a; — y| < t, we can write 



ri \tdt[Pf+''{y,z)-Pf{y,z)] 

Jo J\x-y\<t 



\ 1/2 

,2 dydt \ 
' t 



n+l 



1/2 



^ ^_csp-c\x-z\ /s rco r _^^2,dydt\ 



Q s(l — e 4s-)n/2 J|i:-y|<t 

<C I — — ds, x,ze 



Then, 



\ 1/2 oo _ 

\td,[Pf+'^{y,z)~Pfiy,z)]\'^] dx<C r'^ds<C, . G M". 

J\x-y\<t ) Jo S ' 

Hence, the operator Sa — "So is bounded from L^(IR") into itself. 

Our next objective is to see that /„(/) & L°°{R"-). Let xa G M" and tq > 0. We denote by B the 
ball B{xo, tq) and we decompose / as follows 

/ = (/ - fB*)XB* + if - /i3*)XK"\B* + /s* = A + /2 + /a, 

where i?* = B{xo,2ra). 

According to [_2, (4)], since 'y{H, C) — i?, we can write 

1 r" f ,n ^,2dydt 1 f f°° ,.2dtdy 



\b\Jq I^^+".c(/i)(2/'*)I ^ir-jBlJj^ Jo l^^+"'C(/i)(y,i)r ^ 

(30) <^ |/(x) - /s-l^rfx < C\\f\\l^,Oc(M-y 
By using (jsj we can proceed as in [13, p. 338] to obtain 

(31) ^ £ 1^ IGc+aMKy, t)f^< C||/|||mo.(«")- 



If ro > p{xo), since ^£+a,c(l) e -L°°(M",i7) (see Subsection [2l) , then 
(32) 

WlT Ib ^ ll^£+o.c(l)(y,-)llHrf2; < q/B.p < qi/lllMO.(M")- 



Suppose now that ro < p{xq). According to (15 1, we have that 



Gc+a.c{l){x, t) = —= -^d,W^+"{l){x)\,^t2/i^du, X e M" and t > 
V47r Jo u ' 



By (14 1 it follows that, for every x e M" and z > 0, 

p-(a+rL)z ~c(l-e'^')\x\'^ -cz ( -cz/{p{x)^) p-c/(p(xyf^ -i 

I*"'' <"'^'| ^ — WW — - " iPWff - "^mk^- 
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Then, we conclude that 

t 



\Qc+c.,cW{x, t)\ <C . x e M" and i > 0. 

The arguments developed in [13 , p. 339] allow us to obtain 



(33) 4 f° I \Qc+.,dh){y,tf ^ < C\\f\ 



2 



\^\ Jo Jb t 



Putting together ([301 , (I31|,(l32f and (|33| we get 

where C does not depend on B, and we prove that /q(/) G L°°(Ili"). 
Since a e i/^(E"), from ([29]) we deduce that 

ndxdt 
^ \Gc+aMx,t)\ \gc+a,c{f)ix,t)\ < OO. 

Then, 

dxdt f dxdt 



t N^oo 



1/N 



Let iV G N. By interchanging the order of integration we obtain 

/ Qc+a,c{a){x,t)gc+a.<c{f){x,t)'^^ ^ [ f (v) [ G C+a.<C {Q C+a,c{a){- .h)) {V ,t)\t^=t'^^ ■ 

We are going to justify this interchange in the order of integration. In order to do it we will see 
that 

(35) r I \f{y)\ [ \tdtPf+'^{x,y)gc+o.,c{a){x,t)\^^^<oo. 

By using dsl it follows that 



tdtPf'+°'{x,y)\ / \tdtPf'+"{x,z)\\a{z)\dzdx 



< C \a(z)\ / , ,,-,,„ , ,-,,,„ dxdz 

<C \a(z)\ j-rdz, X, V G M" and i > 0. 

Suppose that supp(a) C B — B{0, R). We have that 
(36) 

\tdtPf+''ix,y)\ J^^^ \tdtPf+''{x,z)\ \a{z)\dzdx < C||a|Uoo(R„) < y G i?* and i > 0. 

On the other hand, if y ^ B* = B{0, 2R) and z e B, then \z — y\ > \y\/2. Hence, we get 
(37) 



\tdtPt^+"ix,y)\ I |t5tP,^+"(a;,z)| \a{z)\dzdx < CR''\\a\\L^^j,.^j-^j-^, y B* a.nd t > 0. 



Since / G BAfO£(M"), (|36|) and ([STf imply (|35|). 

By taking into account that a G L^(M") we can write, for every x G M" and t > 0, 

^£+a,c (^/£+Qx(a)(-,ii)) ix,t)\t^^t 



gc+a,c ( 51 <iv/2|fc| +n + «e-*V2|'=l+"+"(a, J (a;,i)|ti=t 



=f J2 {m+n + a)e-^'^^\''^^''+''{a,hk)hkix). 



ken" 
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Note that the last series converges uniformly in {x,t) e M" x [a,b], for every < a < 6 < oo. We 
have that 



N 
1/N 



a£+«,c(^£+a.c(a)(-,ii))(2/,i)|u=tT^ Y.{a,h,)h,{y){2\k\+n + a) T te~'Wm+n+^dt 



J2{a^f^k)hk{y) - - V2\k\+n + a(Ne 



fceN" 



N 



-2N^2\k\+n+a _ --^^2|fe|+n+a 



t\aiz)\ . . „„ „ . C 



< C|la|lioo(R„) 



According to ([8|) it follows that 

sup|^£+„.c(a)(y,^)l <Csup / 
t>o t>o Jr 

and by proceeding as in ([8| and using (|7|, we get 

r tg-c\y\\z-y\ 
sup|5£+a,c(a)(z/,i)| <Csup / |a(z)| i-^rrfz 

t>0 t>0 J B 



< 



(1 



{t + \z-v\) 



n+1 



<C||a|U3.(M„)e-^l^l 
In a similar way we can prove that 

sup|P,^+"(a)(y)| < 



t 



{t + \z-y\) 
c 



n+l 



dz < 



C 



(l + |y|)"+l^ 



y^B*, 



t>0 



(1 



y& 



We conclude that 



sup 

NeN 



N 



1/N 



Sc+a,C {gC+a,c{a){-,ti)) (j/, t)|fi=( 



dt 



< 



C 



{l + \y\r^ 



Hence, for every increasing sequence {Nm)meN C N, we have that 



Gc+a,c{a)ix, t)gc+a,c{f){x, t) 



because / € BMOc{W). 



dxdt 



N„ 



f{y) lim / Qc+a,c{Qc+a.c{0'){-,h)){y,t)\ti 



Then, (28 1 will be proved when we show that 



(38) 



lim 



1/N 



Gc+a,C {Gc+a.c{a){-,ti)) (y, t)|ti=t 



In order to see that ( 38 ) holds we use Plancherel equality to get 

2 



1/N 



t 



L2(RT>) 



-\(' 



-2Ny/2\k\+n+a __ -|.^2|fc|+n+Q 



1 2 

4 ■ 



The dominated convergence Theorem leads to 



lim 

TV-yoo 



1/W 



^^£+a,C (^?£+Q,c(a)(-, tl)) {y, t)\ti=t 



dt a{y) 



Thus, the proof of (28) is finished. 
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Suppose now that / e BMOc{R",M) and a = Ejliaj^i, where aj £ (M") and bj e 
j = 1, . . . , TO G N. We have that 



{Gc+a,M' {a){x, t),Qc+a3{f)ix, i))B*,I 



dxdt 



E 



E 



Gc+a,c{aj){x,t){bj,gc+a,B (/) (a;,i))B%B 
5£+Q,c(ai)(a;, t)gc+a,c ((^j, /)b*,b) (a:^, i) 



dxdt 
t 

dxdt 
t 



Since, (6j,/)b'.b € -BAfO£(IR"). j = 1, . . . ,to, the proof can be completed by using (28). 



□ 



We now prove (27 1. Let / e i?AfO£(M",B). We denote by A the following linear space 

A — span{a : a is a atom in H}^{R")}. 

We have that 



l/ll 



BMOc ( 



sup 



(/(a;),a(a;))Bj*da; 



Note that, according to pil Lemma 2.4] A(E)V>* is a dense subspace of H}^{M." ,M*). Moreover, since 
B is UMD, B is reflexive and B* is also a UMD space. Hence (i7^(E",B*))* = BMO£(M",B). 



By Proposition |2.4| we deduce that 



{a(x), f{x))B.'fidx = A I I {Qc+a.} 



'■{a){x,t),gc+a,K{f){x,t))i 



dxdt 



a e A( 



Proposition 2.5. Let Y be a Banach space. Suppose that g e BMOciR", ^) ^"■'^ ^ ^ H}^{R", Y*) 
such that 



\{h{x),g{x))Y*,Y\ dx < oo. 



Then, 



I 



{h{x),g(x))Y',Ydx 



< C'll^llffi (R'^y•)ll3llBA^Oc(R",Y)• 



Proo/. Note firstly that g defines an element Tg of (i7^(M", F*))* such that 



and 



Tg{a) 



{a{x),g{x))Y',Ydx 



{a{x),g{x))Y*,Ydx, 



< C'll^llffi (R",y)ll.9l|BA/Oc(K","y)! 



provided that a is a linear combination of atoms in H^iM."', Y*). Moreover, it is well-known that the 
function F{x) = {a{x), g{x))Y' .y , x e M", might not be integrable on when a G Hj^{W,Y*). 
On the other hand, if g e i°°(E", Y), then g e BAf 0£ (M" , F ) , 



and 



{a{x),g{x))Y',Ydx 



{a{x),g{x))Y*,Ydx, aeH^ 



< C\\a\\ Hi (Rr. ^Y')\\9\ 



Let £ e N. We define the function $ : Y — > Y by 

Mb) 



BMOc 

\b\\Y>e, 
\b\\Y<e. 
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$ is a Lipschitz function. Indeed, let bi, b2 E Y. If ||&i||y > ^ and ||&2||y > then 
||$,(6i)-$,(62)||y = 





ebi 


£b2 




< 


61- 


62 


\bi 


\\y 






\\bi\\Y 


My 


Y 


\b2 


\\y 


Y 


<l 


bl-b2\\Y 


+ II&2I 


Y 


1 - 


ll&l 
II62 


\y 
\y 


< 


2\\b 


1 - b2\\Y 



Moreover, if ||6i||y < £ and II&2IIY ^ ^, it follows that 

eb2 



bi - 



52 y 



< 11^1-^211 



b2 - 



eb2 



32 y 



< ll&i - fc2||y + |||fo2||y - ^1 < - b2\\Y + ll&2||y - ll&illy < 2||6i - fozlly- 

We define the function ge{x) = ^eigix)), x e M". We have that gg, e BMOc{^"',Y) and 
\\gi\\BMOc(VL-^,Y) <C\\g\\BMOc(^^.Y)- Moreover, 

\{h{x),gi{x))Y-,Y\ < \{h{x),g{x))Y,,Y\ , a.e. x G W\ 

By using convergence dominated Theorem, since lim {h{x), g£{x))Y'-,Y — {h{x),g{x))Y* y a.e. 
X £ M". we deduce that 



{h{x),g{x))Y*,Ydx 



~ lim 
^—^oD 



{h{x),gi,{x))Y-.Ydx 



< C lim \\h\\Hlf^s,,^ Y')\\9e\\BMOc(Vi^,Y) 
£—^00 ^ 



(H'l,y*)||g||BAfO£(R'^y)• 



□ 



Suppose that a = X^jLi ^j^j, where aj is an atom for i?£(M") and 6j e B*, j = 1, . . . , m e N. 
Then, according to Theorem 1.2 for iJ^(IR",B*), we have that 

If (ef)^j^ is an orthonormal basis in H by taking into account that 7(_ff,B)* = 7(_ff,B*) via trace 
duality we can write 

{Qc+afi,- {a){x, •), Gc+afiiDix, •)).y(H,B*),7(H,B) 
m 



m 00 



III. ' „QQ „QQ 

= X]X1 / ^'^(^^ / (^j^'£+":C(aj)(2;,'«):^^£+«,B(/)(a:,t))B. Bef(w) 

^ /'OO /'OO 

= y2^ / g£+„,c(aj)(2;,u)^£+a,C {(6j,/)b. b) 

= / (^£+a,B*(aj&j)(a;,<):5£+a.B (/) (a:,i))B. 

.7 = 1 



du dt 

u t 



du dt 
u t 



, dt 
T 



dt 
T 



dt 



{Gc+afi* (a)(x, t),Gc+a,M (/) (a;, g a.e. a; e 



Moreover, since ^ € BMOcO&"), j — ■ ■ ^"^1 from (34) we deduce that 



{Gc+a3'{a){x, ■),Gc+a3{f){x, ■)) -y{H,K'),'y(H,B) 



dx 



dtdx 



< 00. 
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Hence, according to Proposition 2.5 and the results proved in p5| we get 

/ {a{x), f{x))K*.Mdx 



=4 



{Gc+a,M' {a){x, ■),Gc+a,M{f)ix, ■)) ^(H fi*) ,j{H ,S)dx 

<C\\G C+a,B* H^^iR'^ ,-t{H .«*))\\G C+aMif)\\ BMOciVL"^ ,'y{H,«)) 
<C'||a||^^(R,^_B•)||^£+a,B(/)||BAfOz;(R",7(H,B))• 



We conclude that 



II/IIbMOc(R",B) < C\\Gc+a,K{f)\\BMOciK",-f{H3))- 

2.4. We are going to show that, for every g G i?£(M",B), 

(39) 11.911^1 (E",B) < C'l|5£+Q,B(5)ll//i(R",7(_ff,B))- 



Suppose that a e A®M, where A is defined in Section 2.3 Since B is UMD, (i7^(M",B)) 
BA/0£(M",B*), and we have that 



m\HUR^,M) = sup 

feBMOc{R"M*) 

il/llsMO£(R",B*)<l 



{f{x),a{x))B'.Bdx 



Moreover, for every / e BMO£(M",B*), since Gc+a,B- is bounded from BMO£ (M",B*) into 
BMO£(K",7(iJ,B*)) (see Subsection [2l]) , again by Proposition |2^ it follows that 



{f{x),a{x))M*,sdx 



<C\\Gc+a,B'{f)\\BMOc{R'\'y(HM*))\\Gc+a,B{a)\\H^^(m^.-f{H,B)) 
<C\\f\\BMOr.(R",B')\\Gc+a,Bia)\\H^{R",-,(H3)}- 



Hence, 

llallffi (R",B) < C'll^£+Q,B(a)||ff^(R",7(M))- 

Since yl(g)B is a dense subspace in 77^ (M", B) and Gc+a,B is bounded from iJ^ (M", B) into H}.{R'\ 7(iJ, B)) 
(see Subsection 2.2 1 we conclude that (39 1 holds for every g G iJ^(IR",B). 



3. Proof of Theorem ILS 



3.1. We are going to prove that the operator Tf^^ is bounded from BAf 0£(M", B) into BMOc{M." ,j{H,M)). 
The corresponding property for Tj'_ when n > 3 can be shown in a similar way. 



We consider the function ft defined by 
n{x,y,t) 



^2 poo g-tV4s 

—jj^^idx, + Xj)Wf{x, y)ds, a;, 2/ e M" and t > 0. 



We have that 

rC 



11 + e^^^ 1 1 — e"^'* 

{d^^+Xj)W^{x,y) = Ixj - ^(^J - - 2 1 + ^""^ ^ J ^^^^^y^' x, y € M" and s > 0. 



Note that \a\ < \a + b\ + \a — b\, a, 6 G M. Then, it follows that, for every x, y G M" and s > 0, 



-2s \ "/2 



8 V 1 - e- 



1(9.^ (x,,)| < (^^-^ j exp 

As in ([t]) we obtain, for every x, ?/ G M" and i > 0, 

/■oo — c(t^ + |a;— j/p)/s — ns 

<(^^2g-c(|2:-y|^ + |y||x-y|) 



1 /l + e-^^, 2 l-e-^'' 



^2s 



\x~yr + 



1 + e 



-2s 



x + y{- 



°° (,-<t^ + \'^-y\ )/s ^2 -c{\x-y\^ + \y\\x-y\) 

ds < C- 



,(«+4)/2 



Hence, it follows that 

\\n{x,y,-)\\H <Ce-"(l"-^l'+l^ll"-yl' 



(t+|x-y|)2" 



(i + Ix- y|)"+2 

, 1/2 



+4 



(41) 



<C- 



-c(|2;-i/|- + |y||a:-j/|) 

\x - y|" 
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Let i = I, . . . ,n. We can write, if i ^ j, 



and 



2 1 -e 

- e 



2 1 



2 1 + e- 

-2s 

2 1 + 



1 1 — e^^'* 

1 , ) W'i'l^;,?/), a;,?/ G M" and s > 0, 



(a,, + y) = - { ^^^^ + 



1 1 + e 



-2s 



-2s 



1 1 



2 1 - e-2s 
1 1 - 



^2 1 - e-2s 

Then, we get, for each x,y E M" and s > 0, 



-2s _ g-2s \ , 

Z^ixj-Vj) + . _2, (a^j+yj) j |W^s^(a;,y), e M" and s > 0. 



1 



\d.,M.+x,)W,'-ix,y)\ < C^—^ 
By proceeding as above we obtain 



-2s \ "/2 



1 - e 



-4s 



exp 



1 - e- 



-2s 



\x~y\' + 



1 + e- 



-2s 



C 



(42) ||a..i)(x,y,.)lk<|^_^l„+i. 

In a similar way we can see that 

(43) \\dyM^,y,-)\\H<- ^ 



a;,y eM", x^y. 



x-y 



n+l ■ 



Putting together ( 42 1 and ( 43 1 we conclude that 



\\V,n{x,y,-)\\H + \\Vyn{x,y,-)\\H <-. 



x,y e 



C 



x^y. 



— ^, x,y€R", x^y. 
\x — y| + 

According to |2, Theorem 2] the operator Tf;^ is bounded from L'^(K",M) into L'^(R'^ ,"f{H,M)). 
Moreover, the same argument we have used in Subsection |2.1| allows us to show that, for every 

7^+(/)(.T,t) = (^^^ n{x,y,-)f{y)dy^ {t), a.e. x i supp(/). 
By taking into account ( 13 1, for each x £ M" and s > 0, we obtain that 

-2s \ "/2 



id,^+x,)W^{l){x) 



1 



W2 Vi + 



1 



1 - e 



-4s 



1 + e- 



4s / 



Xj exp 



1 - e 



-4s 



2(1 



Hence, Minkowski's inequality leads to 



||r^+(i)(x,-)lk<c 







ds 



H 



< 



In a similar way we can see that V^Tf:^{l) e L 



t{d,^+x,)W,'^y,^{l){x) 
Cj e-"\\^{d.^^+Xj)W^{l){x)\\^ds<C, xeM". 



By using Theorem 1 . 1 we conclude that Tj;+ is bounded from BMOc (M" , B) into BM Oc (M" , 7(iJ, 

3.2. We are going to see that T^^^ is a bounded operator from i?^(M",B) into i7^(M", 7(iJ, B)). 
The boundedness property of T^^_ can be proved in a similar way, for n > 3. 



In Subsection 



3.1 



we saw und operator. Hence, it follows that T^_^ 

can be extended from L2(k«^b) n Li(M",B) to ii(M",B) as a bounded operator from i?i(M",B) 
into Li(K",7(iJ,B)) and from L^(M",B) into 1'^^°^ {W ,-f{H,M)). Moreover, according to [21 The- 
orem 2], Tf-^^ is a bounded operator from 7fi(M",B) into L^{W ,-f{H,V)) and from Li(R",B) into 
L^'°°(E",7(iJ, B)). By using (41l, the procedure developed in Subsection 2.2 allows us to see that 
the operator T^^^ is bounded from 7?^(K",B) into Li(K",7(i/,B)). 
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We consider the maximal operator S defined by 



Sif){x) = sup||Pf+2 (T^+(/)) 



According to Proposition |2 . 2 1 the proof of our objective will be finished when we establish that the 
operator S is bounded from 77^(M",B) into L^(W). 

The maximal operator Ai^, given by 

A^,(<7) =sup||Pf+2(.g)||^(^.B) 

is known to be bounded from 7(i7, B)) into LP(IR"), for every 1 < p < oo, and from 

Li(M",7(iJ,B)) intoLi'°°(M"). Since r/;+ is bounded from LP(R", B) into LP(M", 7(iJ,B)), l<p< 
oo, from Li(K",B) into L^-^{R",'y{H,M)), and from 7fi(M",B) into L\M.",j{H,M)), the operator 
§ defined by 

§(/)(x,s,t) = Pf+2 (7^+(/)(,t))(x) 

is bounded from Lp(]R",B) into L°°((0, cx)), 7(i/, B))), 1 < p < cx) and from Hi(]R",B) into 

Li^°°(M",L°°((0,cx)),7(7J,] 



According to [33, Lemmas 4.1 and 4.2] we have that, for every / e ®B, 

§(/)(a;,s,t) = x G M" and s,i > 0. 

We consider the function 

s + t f°° e"(''+*)'/''" 

y{x,y,s,t) =t—^ {d^^ + Xj)W^{x,y)du, x,y € R"" , x ^ y and s,t > 0. 



By proceeding as in (41) we can see that 

— c ^ I IK — y I ^ 1 7y 1 1 3j "ij I ^ 

(44) ||3^(a;,y,-,-)l!L-((o,oo),//) <C^ , _ ,„ , x,y€W,x^y, 

F y\ 



and 



C 

\^xy(x,y, •, OIIl-ico.oo),//) + l|Vj^3^(a;,2/, •, OIIl-ico.oo),//) < , _ , a:,?/ G R", a; 7^ y. 



Moreover, as in Subsection 2.2 we can see that, for every g G (g)B, 
S{g){x,s,t) ^ (^J y{x,y,-,-)g{y)dy^ {s,t), x^supp{g), 

being the integral understood in the _L°°((0, cx)),7(i7,B))-Bochner sense. 

Vector valued Calderon-Zygmund theory implies that the operator § can be extended from 
L2(M«,B)niHlK",B) to Li(M",B) as abounded operator from Li(M",B) to L°°((0, cx)), 

7(iJ,B))) and from ffi{K",B) into ^^(M", i°°((0, 00), 7(i?,B))). In order to see that § is in 
fact bounded from Li(M",B) into Li'°°(E", L°°((0, 00), 7(H, B))) and from H^{R",M) into L^{R", 



L°°((0, 00), 7(if, B))), we can proceed as in the end of the proof of Proposition 2.3 
By taking into account that 



• (441 holds, 



• S is bounded from ii(M",B) into L^-°°{R'',L°°{{0,oo),j{H, 

• S is bounded from H^{R'\1S,) into ^^(M", L°°((0, 00), 7(iJ, 



we can prove, by using the procedure employed in the final part of Subsection |2.2[ that § is bounded 
from iJ^(M",B) into ^^(M", L°°((0, 00), 7(i?, 1 



Thus the proof of Theorem 



1.3 



for Tj'^ is finished. 
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4. Proof of Theorem 11.4 



Theorems 1.2 and 1.3 show that (i) impHes (ii) and {i) unphes (in). 

Suppose that (ii) is true for some j = l,...,n. Let / = J2iLifi^ii where /; € i?£(K") and 
6i e B, i = 1, . . . , m S N. We denote by Rf+ the j-th Riesz transform in the Hermite setting (see 



Appendix for definitions). According to Proposition 5.2 



By applying |33l Lemmas 4.1 and 4.2] we get. for every atom a for H}^{W^), 
Moreover, Tj'^ and gc+2.c ° Rf+ ^re bounded operators from H}^{W^) into H^{W^,H) (see Theo- 



1.3 Proposition 5.2 and Theorem 1.2). Then, we have that 



and this impHes 

Tf-^+{f)^-gc+2fiRi+{f)- 

We can write 

ll^ji+(/)ll//i(R",B) ^C\\Q c+2MR'j^+{f)\\Hl(M.^ ,-,(H,B)) C*!! ^jT+ZII ffi (R",7(ff,B)) < C*!! /II ffi (R" ,B) ■ 

Since i?^(M") (g) B is a dense subspace of i/^(M",B) ([HJ Lemma 2.4]), i7i(M",B) C iJ^(M",B) 
and iJi (M",B) C Li(E",B), [27, Theorem 4.1] imphes that can be extended to L2(M",B) as a 
bounded operator from i^(M",B) into itself. Then, from [T, Theorem 2.3] we deduce that B is UMD. 

Assume now (iii) holds for some j ~ l,...,ri. By proceeding as above, this time applying 
Proposition 5.1 we can see that, for every / e L^(E") (X)B, 

(45) l|i?j;+(/)ll <C|I/II BMOc (R",B)- 

Let E be a finite dimensional subspace of B. By taking into account that L^(M") (g) E = 
if (M",E) C BMO£(K",E) and BMOc{W\K) C BMO(K",E), from (|45| and [271 Theorem 
4.1] we deduce that Rfj^ can be extended to L^(M",E) as a bounded operator from L^(]R",E) into 
itself and 

P,^+(/)IIl^(R",e) < C||/|U.(K„,E), / e l2(m«,e), 

where C > does not depend on E. Hence, 

||i?^^+(/)|U.(K„,„) < C||/|U.(K„,„), / e 

From m Theorem 2.3] it follows that B is UMD. 

The proof of the result when Tj'j^ and ^£+2,b are replaced by and Gc-2,'&, respectively, can 
be made similarly, for every n > 3. 

5. Appendix 
The Hermite operator L can be written as follows 

L = -i[(V + a;)(V - x) + {W - x){W + x)]. 

This decomposition suggests to call Riesz transforms in the Hermite setting to the operators formally 
defined by 

(46) Rf± = {d,^±x,)C-'/^, j = l,...,n. 
(see [33] and [37]). 

Let j — 1, . . . ,n. We denote by ej the th coordinate vector in M". It is well known that 

(47) (9,^ + Xj) hk = {2k,)^^^hk-e, , {d,, - xj) hk = -{2kj + 2f'^hk+e, , 
for every k — (fci, . . . , fc„) e N". 
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The negative square root L^^l"^ of £ is defined by 

/•oo 

L-^l\!){x)=\ Pfif){x)dt, /eL2(M»). 



We have that 

(48) C-'^'if)= E A^7^ {f,h,)h,, fel^iR-)- 

^2\k\+n 



Equahties (46 1, (47 1 and (48 1 lead to define the Riesz transforms Rf± by 



and 



fceN" V ' ' 

Plancherel equality imply that Rf± is bounded from into itself. L*'— boundedness properties 

of Rf± were established by Stempak and Torrea in [33] (see also [3^). They use Calderon-Zygmund 
theory and show that Rf± are singular integrals associated to the Calderon-Zygmund kernels 

1 f°° 

(49) Rf^^ (x, y)^—J^ {d^^ ± xj) Pf {x, y)dt, x, y E R'\ x ^ y. 

Rf^^ can be extended from L'^{R") D LP{R") to LP(M") as a bounded operator from LP{R") into 
itself, 1 < p < oo, and from L^(M") into L^'°°(M") ([33, Corollary 3.4]). We continue denoting by 
Rf± the extended operators. 

In the following propositions we analyze the behavior of Rf±, j = l,...,n in the spaces 
BMOc (K" ) and H}. (M" ) . 

Proposition 5.1. Let j — 1, . . . ,n. Then, the Riesz transforms Rf± are bounded from _BMO£(M") 
into itself. 

Proof. We only analyze Rf^. The operator Rf_ can be studied similarly. In [3, Section 4.3] it was 
shown that the operator Rf^ ~ XjCr^^"^ is bounded from i?A/0£(IR") into itself. 



We consider now the operator Tj — XjC ^1"^ . By (|4| we can write 

X 



oo J+ /"CO 



T,{f){x)^^J^ <(/)(x)^^/ M,{x,y)f{y)dy, f E L^R^), 







where 

X 



M,{x,y)^^l Wf{x,y)— x,yeR'',x^y. 
According to fS*, Lemma 3] the operator Tj is bounded from i'^(IR") into itself. 

We are going to show that 

g-c{\x-y\'^ + \x\\x-y\) 

\Mj{x,y)\<C , x,2/eM" andx^y, 

\x - yl" 

and 

\V^M,{x,y)\ + \VyMj{x,y)\ < _ x, y £ E" and Xy^y. 

p y\ 

By using (|7| we deduce 

\M,{x,y)\ < C|x|e-(l--^l +1-11-^1) ^^—^^ dt 

<C{\x + y\ + \x-y\)e-^(\^-y\ +\-\\-y\) U -^-^^ dt + e'^l^+^l j 

,2 , ,, n / „~c\x^y\^/t \ „-c{\x-y\^ + \x\\x-y\) 

^ Ce'<\^-yl Mxllx-yn U ___at + i\ <C ^—^^ , x,yeW\x^y. 
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Let i — 1, . . . ,n. For every x,y G M", a; 7^ y, we have that 



and 

Hence, by ([t]) we get 



1 

00 



1 + e 
1 -e 



1 - e 



" Ui) + —^{x, + y,) Wi-ix^y) 



l + e 



1 + e-2* 

1 - e-2t 



* 7^ J, 



'7! 



<c 



< c 



00 ^-c\x-y\^/t 
<("+3)/2 



<- 



/o (l-e-4*)(«+2)/2 ^ 

c 

r— Y, x,y(^MJ\x^y. 

In a similar way we can see that, for every i — 1, . . . , n, 

\dy^M,{x,y)\ < _^|„+i , a:,yeM", a:^y. 



According to ( 13 1 we can write 



It follows that 



l + e- 



'4t 



n/2 



exp 



1 - e- 



2(l + e-«)' 



dt 

7^' 



|r,(i)(x)| < c\x\ 



~ct|a:|^ 



dt + e-"l=^l' 



'dt < C, a; e 



Moreover, for every i = 1, . . . , n, i 7^ j, we have that 



and 



5..T,(l)(x) 
9,^r,(l)(a;) = - 



^^.wfiDix)^^, xe 



1 -e 



l + e 



4t 3 



x^^\wf{l){x)^^, xe 



vr 



Then, we can deduce that VTj(l) G L°°(M"). 



By |3J Theorem 1.1] we conclude that Tj can be extended to BAIOc{^^) as a bounded operator 
from BMO£(M") into itself. □ 

Proposition 5.2. Lef j = 1, . . . ,ri. Then, the Riesz transforms Rf± can be extended from L'^(R")r\ 
iJ^(M") to i?^(M") as bounded operators from into itself. 

Proof. We study the operator Rf^- Rf- can be analyzed in a similar way. 



By taking in mind Proposition 2.2 it is enough to see that Rf^ can be extended as a bounded 
operator from H^{W^) into and that the operator G defined by 

Gif){x,t)^Pf+\Rf^4f))ix), 

is bounded from i?^(M") into Li(M", L°°(0, cx))). 

In |33l Theorem 3.3] it was proved that the Riesz transform Rf^ is a Calderon-Zygmund operator 
associated to the kernel given in (49 1. Thus, in order to see that Rf+ can be extended as a bounded 
operator from //^(IR") into we only need to show that 

(50) \Rf^+{x,y)\<C 



^ -, x,yeM", x^y. 



F - y\ 



and then reasoning as in the end of Subsection 2.2 Estimation (50) follows from (40). 
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Now we establish that G can be extended as a bounded operator from H]^{W^) into i^(M", i°°(0, oo)). 
We observe that 



feeN" V I I ^ " 
We consider the function 



1 f°° 

C{x, y,t) = ^ / (9^^ + Xj) Pf+^x, y)ds, x,ye M" and t e (0, oo). 
v"" Jo 

This function C satisfies the following L°°(0, oo)— Herniite-Calderon-Zygniund conditions: 

p-c{\x-y\'^ + \y\\x-y\) 

^ ' \x — ?/|" 

and 

C 

(52) ||V:rC(a:,y, OIIl-^Co.oo) + l|V^C(x,y, ^[^""(o.oo) < I _ a;,?/eM", x ^ y. 

\^ y\ 



Indeed, by (40 1 it follows that 

t + s g-c{\x-y\^ + \y\\x-y\) 



liC(x,y,.)|U=o(o,oo) <e-^(l--^l^+l^ll--^l)sup / 7— — f r-^ds < Csup 

t>oJo (t + s+|a;-y|)"+^ 00 



t>o (t+|a;-2/|)' 



g-c(|£c-j/| +|l/||x-y|) 

<C . , x,ye M", X ^ y. 

\x - y|" 



In order to show ( 52 1 we can proceed in a similar way. 
Suppose now that / e C^(M"). We can write 

G{f){x,t)^ C{x,y,t)f{y)dy, x ^ supp / and t > 0. 



Let X ^ supp/. Note that, for every y S M", the function gx.y{t) = C{x,y,t)f{y), t S (0,oo) is 
continuous, lim gx,y{t) = 0, and there exists the limit lim gx,y{t). 



We denote by Co([0, 00)) the space of continuous functions on [0,oo) that converge to zero in 
infinity. Co([0, 00)) is endowed with the supremum norm. The dual space of Co([0, 00)) is the space 
of complex measures A^([0,oo)) on [0,oo). 



By (51 1 we have that Jjj„ \\C{x,y,-)\\L=o^Q ,^^\f{y)\dy < 00. We define 

L,(/)= / C(x,y,-)/(2/)rfy, 



where the last integral is understood in the Co([0, oo))-Bochner sense. Let ji G A^([0,oo)). We can 
write 



(m,-^2;(/))a^([o,oo)),Co([o,oo)) = / Lx{f)is)dfi{s) = / C{x , y , s)dfi{s) f {y)dy 

J[0.oo) JR"J[0,oo) 



[0,00) 



C{x,y,s)f{y)dydy.{s). 



Then, 

LM){t)= f C{x,y,t)f{y)dy, ie[0,(X3), 

and we conclude that 

G(/)(x, t) = (^^^ C(x, y, ■)f{y)dy^ (t), t e (0, 00), 

where the integral is understood in the Co([0, oo))-Bochner sense. 

Rf+ is bounded from i^(M") into itself. Moreover, the maximal operator 

n^+2(5) = sup|P,^+2(g)| 

i>0 
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is also bounded from L^(]R") into itself. Hence, G is bounded operator from into i^(M", 

L-(0,oo)). 

According to Banach valued Calderon-Zygmund theory we deduce that G can be extended 
to Li(K") as a bounded operator from L^{W') into Li'°°(M", L°°(0, oo)) and from i/i(E") into 
Li(M",L°°(0,oo)). 



By proceeding now as in the final part of Subsection 2.2 (51 1 allows us to conclude that G can 
be extended to H\{W^) as a bounded operator from ijjp 
by G to this extension. 



into L^{W\L°°{Q,oo))). We denote 



Suppose that / e H]^{W^). There exist a sequence (aj)jgN of atoms for H^^iMP') and a sequence 
(Aj)jgN of complex numbers such that X]j°=i l-^il *^ °° ^'^^ / = T^^=i ^j'^j- Since this series converge 
in we have that 

OO 

G(/) = ^AjG(aj), in ^^(M", L°°(0, c5o)). 

Then, for every i > 0, 

OO OO 

Moreover, for every t > 0, 

OO 

We conclude that 

G{f){;t)^Pf+-\Rf^4f)), t>0, 
and the proof of this property is finished. □ 
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